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38 A. E. GREEN AND P. M. NAGHDI

This paper is concerned with the construction by a direct approach of a fairly general
nonlinear theory of an incompressible inviscid fluid for application to water waves,
which upon specialization yields () a theory suitable for deep waters, (5) one for
waters of finite (non-shallow) depth and also reduces to (¢) the theory of a directed
fluid sheet given previously by Green & Naghdi (Proc. R. Soc. Lond. A 347, 447-473
(19764a); J. appl. Mech. 44, 523-528 (1977)). Whereas our development again is based
on a model known as the directed- (or Cosserat-) surfaces model, our approach to the
subject differs from the earlier one in two respects: (1) the basic conservation
equations are recast here in an Eulerian form by means of a procedure utilized recently
for viscous fluid flow in channels Green & Naghdi (Arch. ration. Mech. Analysis 86,
39-63 (1984)) and (2) a new procedure for identification of various quantities in the
conservation equations which can be specified by constitutive equations. After
development of the basic equations in the context of the purely mechanical theory
(part A) and their reductions to the three above-mentioned categories for an
incompressible, homogeneous, inviscid fluid, the rest of the paper (arranged as parts
B, C, and D) deals with applications to various water wave problems under gravity.
These include steady-state solutions for surface disturbance of a stream by pressure
when the fluid depth may be any one of the above-mentioned three categories and
a detailed study of nonlinear stern waves over waters of infinite depth.

PART A. DEVELOPMENTS OF THE BASIC EQUATIONS

1. INTRODUCTION

The exact three-dimensional theory of an inviscid fluid, which depends on three space variables
and time (and mostly for an incompressible fluid), has long been accepted as a basis for
examining the properties of a wide variety of problems of wave propagation in fluids. The
nonlinear theory poses considerable analytical difficulties and most attempts at solving
problems are based on approximations of the three-dimensional equations, often reducing them
to dependence on two space variables and time.

In recent years an alternative direct approach has been proposed, whereby the original
intent (for characterization of an approximate theory from the three-dimensional equations)
is replaced by an alternative theory; this alternative theory is still three-dimensional in
character, but one that depends only on two space variables and time. Clearly, such an
alternative theory cannot reflect all the properties covered by the exact three-dimensional
theory (neither can approximations to the exact three-dimensional theory) but it is designed
to deal with some of its main features. The alternative theory should initially be viewed as one
in its own right, although it is of interest to raise the question of what relation it has to the
original exact three-dimensional theory. So far, direct theories based on two space variables and
time have been proposed for wave problems in waters of relatively small depth, i.e. for shallow
waters, as well as problems for other types of bodies for which at least one dimension is small.

The present paper is concerned with the formulation of a fairly general nonlinear theory by
a direct approach for applications to water waves which, upon specialization, includes those
for (a) very deep waters, (b) waters of finite (non-shallow) depth and (c) shallow waters
corresponding to the theory of a directed fluid sheet, discussed previously by Green and Naghdi
(19764, 1977). In the present work we again use a direct approach based on a model, known
as the directed (or Cosserat) surfaces model, which, although three-dimensional in character,
depends only on two space variables and time. The model comprises a surface and any number
of directors, and is motivated partly by the desire to construct a nonlinear theory of water waves


http://rsta.royalsocietypublishing.org/

A \
! B

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A Y

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

NONLINEAR WATER WAVES 39

for an incompressible, inviscid fluid occupying a semi-infinite region of space instead of the
more usual shallow water type theory. The present approach to the subject differs from the
earlier one (Green et al. 1974; Green & Naghdi 19764, 1977) in two respects: (1) the basic
conservation equations are recast here in an Eulerian form by means of a procedure which was
used recently for viscous fluid flow problems in channels (Green & Naghdi 1984) and (2) a
new procedure for identification of various quantities in the conservation equations, notably
the inertia coefficients and velocity fields through suitable weighted averages of their
counterparts in the three-dimensional theory.

In the theory of directed fluid sheets, the simplest model is that of a surface with a single
director which is constrained to remain parallel to a fixed direction (Green & Naghdi 1977).
This particular model satisfies the boundary conditions exactly on the major surfaces of the
fluid sheet when surface forces are prescribed, as does the theory in which the single director
is not constrained. Additional directors are needed in order to deal with fluid flow problems
in which the velocity field is prescribed. For example, for flow of viscous fluid inside channels
of arbitrary shape three directors are required in order to satisfy the boundary conditions at
the channel walls which may not be stationary (Green & Naghdi 1984).

For an incompressible inviscid fluid under the action of gravity and in the presence of a
surface tension, the various coefficients (such as the inertia coefficients) in the case of a directed
fluid sheet with a single director are identified by a simple procedure (see, for example, Green
& Naghdi 1976 6) and the resulting system of differential equations for a fluid sheet is expected
to be applicable to shallow waters. Clearly, a simple theory of this kind is inappropriate for
deep waters or even for waters of (non-shallow) finite depth. For problems in the latter categories
the basic theory may be modified by including additional kinematical variables, i.e. additional
directors, and hence also additional corresponding kinetical quantities, i.e. additional director
forces or couples. Inevitably, such an approach, which is based on the general theory of directed
fluid sheets (Green & Naghdi 19764, 1984), can be effected at the expense of considerable
complications and would result in a complex system of equations, although these would depend
only on two space variables rather than three. To avoid such a complex procedure, we adopt
an alternative method which retains the simplicity of a single director or at most two directors
with constraints, but identifies the various constitutive coefficients and velocity fields through
fairly general weighted averages of their counterparts in the three-dimensional theory.

In order to establish the derived relations for the weighted averages mentioned in the
preceding paragraph, we obtain conservation laws from the three-dimensional equations in the
Appendix. Section 2 contains a direct formulation of a basic theory in Eulerian form and in
a more general manner than that given previously (Green & Naghdi 19764, 1977). This part
of our development, which embraces the conservation laws in the purely mechanical theory,
is valid for all types of continua. In §3 we discuss the reduction in special forms for
incompressible, inviscid fluids of small depth, unlimited depth and (non-shallow) finite depth.
The rest of the paper is presented in three parts: B, C and D. In part B (§§4-7) we deal with
the theory and applications of water waves under gravity for fluid of infinite depth. Part C
(§§8~11) is concerned with the corresponding theory and applications for shallow waters. The
theory in part G is the same as that used in earlier papers (e.g. Green & Naghdi 19764, 1977),
but most of the applications are new. In part D (§§12-13) a theory and a few applications
for waters of (non-shallow) finite depth is presented and the theories for parts B and C in
limiting cases are included.
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40 A. E. GREEN AND P. M. NAGHDI

2. DIRECTED FLUID SHEETS

The theory of directed fluid sheets, or Cosserat surfaces, € x — comprising a material surface,
g, with K directors d,, d,, ..., dy — was derived by Green & Naghdi (1976) in Lagrangian form
and by Green & Naghdi (1984) in Eulerian form, which is more appropriate for applications
to problems in which more than one director is used. Also mention should be made of a theory
of Cosserat surfaces (Green & Naghdi 1983), constructed in Lagrangian form, which is capable
of more general interpretation. This form of the theory is needed in the present paper and is
summarized here in Eulerian form.

Let a fixed surface, 7, in space be specified by a position vector # which is a function of two
curvilinear coordinates {*(a = 1, 2) on this surface. Base vectors, metric tensors and unit
normals on this surface are denoted by a,, a% a,,, a*#, a, and are defined in (A 3) of the
Appendix. The velocity of material points on the surface, g, of the Cosserat surface, €, in its
present configuration at time ¢, is denoted by v = v({?, ). Further, in the present configuration
at time ¢ the director velocities are designated by w,, = w,,({*, t) with w, = v and directors
d,; assume the values

dy = dy (0, 8), (M=1,2,..,K), dy=d,=r(%, ), (2.1)

where the notations w, and d, are introduced for later convenience.

Throughout the paper, we use standard vector and tensor notations with lower case Latin
indices (subscripts or superscripts) taking the values 1, 2, 3 and Greek indices the values 1,
2, together with the usual convention for summation over repeated indices (one subscript and
one superscript). Also, we make a comment here in regard to the notation for various quantities
associated with 4. Strictly speaking, the symbol 7 should be used to denote the position vector
of 4, reserving the corresponding symbol without an overbar for the position vector of s;
however, for simplicity, since we are concerned with an Eulerian form of the theory, we
consistently omit the overbar here and elsewhere in the paper from most of the symbols
associated with 4. A parallel remark applies to the notation for the base vectors a,, metric tensor

a,4, €tc., as well as the arbitrary part, 2, of 5 introduced in the next paragraph. :1

Let 5" be an arbitrary part of 5 bounded by a closed curve 02 whose outward unit normal
in the surface is vy a* = r1a, (2.2)
Guided by analysis in the Appendix and using a fixed surface area on 4, we postulate Eulerian
forms in the conservation laws for mass, momentum, director momentum and moment of
momentum, for the Cosserat surface, €, as follows:

0
atf PYmn d0'+f vaN'Vds—fgp(vMN_"vNM)'da=05 (2.3)
forM=0,1,2,....K; N=0,1,2, ..., K,
9 K
atf p Z yMode0'+f p = vaMO'vds=f pfdo'+f nds, (2.4)
? M=o P M=0 2 o7

K K
E)J' p Z yMNdea‘—i—f p X vaMN'vds—-f p X WyUyydo
)y M=o P M=o 2 M=o

P 0P
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NONLINEAR WATER WAVES 41
for N=1,2,..., K and
) K K K _
p = 2 yNMdede¢r+f p 2 X dyxwyvy,yvds
ot # N=0 M=0 3P N=0M=0
K K
=f p X dyxlydo+ > dyxmyds. (2.6)
#? N=0 P N=0

The velocity fields v 5, and the inertia coefficients y 55, which appear in (2.3)—(2.6) are defined
in terms of the velocity fields v, w,, and the geometry of the three-dimensional body, modelled
by the present theory, by (A 11) in the Appendix. Also, n = m, is the force vector, my are
the director force vectors at the curve 02, f = I is the assigned force vector, I, the assigned
director force vectors and k are the internal director forces. As explained in previous papers,
the assigned force f may be interpreted as the combined effect of (i) the stress vector on the
major surfaces of the body, denoted by f, and (ii) an integrated contribution arising from the
three-dimensional body force denoted by f;. A parallel statement holds for the assigned fields

Iy, so we write f=Lfitfo Iy=ILy+ly, (2.7)

Since we are limiting attention to problems in which thermal and electromagnetic effects are
neglected, the theory is based on the mechanical equations (2.3)—(2.6), valid for all types of
continua, fluid or solid.

By usual procedures, from (2.4) and (2.5) we obtain

n=Nwv, my,,=M;v,. (2.8)

With the use of the two-dimensional analogue of the divergence theorem, as well as (2.8)
whenever relevant, the field equations, which result from (2.3)—(2.6), are

(0/0¢) (pyprny) +a 2 (pad Vyn' ) o —PONm+Vyn) a3=0 (2.9)
for M, N=0,1, ..., K,
LS ow ow
2 P{yMo—a;M‘*‘ (Vmo"a*) a_éng Wm ”Mo'aa} = pf+N*|,, (2.10)
M=0
K Owy, oW o
Zp .Z/MNT'F(OMN"I) = +WM”MN aso = ply—ky+My*, (2.11)
M=0
for N=1,2,..., K and
d, ,x N*+ Z, ( dyxky+dy ,xMy*) =0. (2.12)

In obtaining (2.12) we have also used (A 20). In these equations () ,=9()/0{* and a
vertical line denotes covariant differentiation with respect to 4.

We record here an expression for the rate of work of the external forces acting on a part
of the body minus the rate of change of kinetic energy, i.e.

K K
f p X Iy wydo+ > mywyds—— f 2 2 Yyun Wy Wy do
4

N=o0 0P N=0 =0M=0

K K
——f 2 X wN-vaMN-vds=f {p > (kN'wN+MN“'wN,a)+pN°"v,a}do-.
" N=0M=o0 N=1
(2.13)

To obtain the right-hand side of (2.13) we have used (2.9)—(2.11).
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42 A. E. GREEN AND P. M. NAGHDI

3. REDUCTION TO SPECIAL FORMS

The direct mechanical theory postulated in §2, and based on three-dimensional integral
balance laws valid for all bodies either solid or fluid, contains vector and tensor functions which
have three-dimensional components but which depend only on two space variables and the
time. To complete the theory specific constitutive equations are required for the (three-
dimensional) response functions, N*, k, My*, which represent the material properties of the
body and its particular geometry. In addition, the inertia coefficients, y,,,, and the relation
of the velocity fields, v,,, to the director velocities, w,,, must be specified, which can usually
be done with the help of (A 11). Also the theory must then be interpreted in relation to the
motion of a three-dimensional body and its geometry. This involves an identification of the
weighting functions, A ({), which are used in the Appendix to motivate the form of the balance
laws chosen in §2. The aim is to have the simplest form of the general theory which will
represent in a significant way the main characteristics of the motion. In previous forms of the
theory, because of the type of boundary conditions often used on the major surfaces of the body,
it was sufficient to use a moving surface with one director corresponding to a weighting function
. For viscous fluid flow in a channel with fixed or moving walls, it was necessary to have a
moving surface with at least three directors corresponding to weighting functions §, £, &. In
all these applications the choice of the weighting functions implied that the theory was limited
to shell like bodies in which one dimension of the body was small in some sense. In the present
form of the theory with a more general interpretation of the theory via weighting functions
Ay (8), it is possible to remove the limitation of applications only to shell-like bodies. In
particular, we wish to be able to use the theory for the propagation of nonlinear waves over
inviscid fluids of infinite and large depths, which is our main purpose here.

We restrict further attention to homogeneous incompressible inviscid fluids and divide the
rest of the paper into three parts: B, C and D.

Part B is concerned with wave propagation on fluids of infinite depth. For this we use a
moving surface and two directors which corresponds to weighting functions €% and §, where
a is a parameter which will be specified by a constitutive equation. Also the velocity field
v = w, is constrained at time ¢ and the velocity w, is constrained to be zero.

Part C deals with wave propagation on fluids of small depth. The theory is already available
from previous papers but is rederived here directly in Eulerian form using a moving surface
and a single director constrained to remain parallel to a vertical direction and corresponding
to a weighting function {. New applications are made to problems similar to those considered
in pért B, for completeness, and comparisons with part B are made.

In Part D we consider wave propagation on fluids of uniform finite depth which is not
necessarily either small or very large. We use a moving surface and directors which now
correspond to weighting functions cosh a({+4%), sinh a({+ %) and {, where 4 is a constant and
a is a parameter to be specified by a constitutive equation. The velocity field v is constrained
to be constant at time ¢, the second director is constrained to move vertically, and the velocity
of the third director is constrained to be zero.
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NONLINEAR WATER WAVES 43

PART B. FLUIDS OF INFINITE DEPTH

4. INTRODUCGTION

We consider an inviscid, incompressible fluid of constant density p* and infinite depth. We
use the theory of §2 in which 5 is a plane surface { = x; = 0, where x; (:=1,2,3) is a
rectangular Cartesian coordinate system with the x; direction being vertical. Then, we may
set

fr=x, a,=a*=e, a;=e;, a,=0a¥=7,, (4.1)

2] Q,

where e; is a constant orthonormal set of vectors associated with x;. The fluid is subject to
constant gravity g in the direction —e, (not to be confused with g of the Appendix which here
is 1) and bounded by the surface

$=x, = B(xy, %5, 1), (4.2)

at which there is a pressure p = f(x,, x,, t) and a constant surface tension 7. The fluid occupies
the region —& < { < B with k allowed to approach infinity, i.e. £+ 00. From §2 we select the
theory with two directors which correspond to weighting functions A, (&) = €% and A,(§) = ¢.
In addition

d, =x,e,+de, d =0, d,=e,, (4.3)

where the scalar d is a constant. The velocity v is constrained always to be constant in a
direction parallel to the plane g and the velocity w, is constrained to be zero, so that

v=ce, w,=0, (4.4)

where ¢, are constants. Since the various quantities in §2 both here and in the remainder of
the paper are referred to base vectors e;, the distinction between subscripts and superscripts
disappears and summation is implied over indices at the same level, usually subscripts. Referred
to the basis e;, the velocity field w, can be written as

Wl = wi ei, (4.5)

where the index 1, denoting the first director, is omitted in the components for convenience.
In view of (A 19), the incompressibility condition is

W, ot awy = 0. (4.6)

Because of the constraint of incompressibility (4.6) and the constrained values of ¥ and w, in
(4.4), the response functions N, k,, M, , k,, M,, contain constraint responses

N,=r,=r,¢€, k,=—pae;, M, =—pe, M, =r,e, k,=re, (4.7)

where p, 7;,, 7, and r;, are arbitrary functions of x,, x,, £. The constraint responses are found
with the help of the mechanical power in (2.13) and are such that the corresponding
mechanical power is zero. Since the fluid is incompressible there is no additional contribution
to the response functions which have the final form (4.7). These satisfy (2.12) if

Tsa =Tos  Tap = Tgar (4.8)
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44 A. E. GREEN AND P. M. NAGHDI
In view of (A 11) and (A 17) we choose the following values for yu,n, Uprn» /5 i
PYoo = P*(B+h), py1o = (p*/a) e, py,; = (p*/2a) %,
Poo = {p*c,(B+h) + (p*/a) w, ¥ le,,
pUo = (p*/a) (¢, +iw, e¥)e,,
pv1, = (p*/a) (c, e + 1w, ) e, +1p*w, e2¥ e,, (4.9)
P = (p*/0) e, ¢ +hu, ) e, +pru,c e,
pf = (b—0)B . e.—{h—q—p+p*e(B+h)}es
ply= (p—q) e B, e,—{(b—q) e +p*(g/a) e*} e,

where &> o0 after substitution of these results in the field equations, p is the pressure at the

)
)

bottom of the stream which may tend to infinity and ¢ represents the effect of surface tension

T given by
g= {1+ (:31)2] ﬂ,22_2ﬂ,1ﬂ,2ﬂ,12+ [1+ (:32)2] :3,11} (4.10)
[1+(8 )%+ (B.)*1 ' '
With the help of (4.7)—(4.9), (2.9)—(2.11) reduce to
0B/ot+ (¢, +w, e*) 0B /0x, —w, e = 0, (4.11)

(0*/2a) €238 duw, [0t+ (p* /a) (3e2¥c, + 362 w,) Qw, /Ox, +1p* € wyw,

— —0p/dx, + (f—q) e¥B/0x,, (4.12)
(0% /2a) €2 quy /0t+ (p* /) (10, + 6% ) Quy O, + hp*e¥a8

= ap—(p*g/a) ¥ — (f—q) . (4.13)

7, are omitted as they are not required

The equations involving the response functions 7, 7;,,
in the rest of part B.

Before considering further the nonlinear system of (4.6) and (4.11)—(4.13) it is instructive
to examine the linearized form of these equations when wave heights £ are small and
equilibrium surface pressure is zero. These are

W, o taw; = 0,

0p/ot+c,0p/0x,—w, = 0,
(p*/2a) (0w, /0t+¢c, 0w, /0x,) = —0p/0x,, (4.14)
(p*/2a) (Quy/Ot+ ¢, 0w,/ Oxy) = ap— (p*g/a) (1+aft) —p+ TOB/0x, o,

One example of the use of these equations is for wave propagation in the x,-direction under
constant surface pressure and surface tension, of the form g = Lsinm(x—ct), ¢, =0, or
equivalently standing waves f# = Lsinmx on a uniform stream ¢, = ¢. Either is a possible
solution of (4.14) provided that

& = 2ag{(1+ Tm?/ (p*g)}/ (a>+m?). (4.15)
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NONLINEAR WATER WAVES 45
If we now choose a = m this reduces to

¢ = (g/m) {1+ Tm*/ (p*g)}, (4.16)

which is the same as the value found from the linearized three-dimensional theory (see, for
example, Lamb 1932, §267).

We return to the nonlinear system (4.6) and (4.11)—(4.13), and consider travelling-wave
solutions in the x,-direction or, equivalently, steady-motion waves on a stream moving with
constant speed ¢ in the x,-direction. Then ¢, =¢, ¢, =0, w, =0 and B, w,, w; and p are
functions of x,. We assume that the surface pressure f is a constant p, and neglect surface
tension. It follows from (4.6) and (4.11) that

w, =c(A—ap) e, w,=c(1+A—af) e f, (4.17)

where 4 is a constant and a prime denotes differentiation with respect to x,. The x, component
of (4.12) is satisfied and, with the help of (4.17), the other equation in (4.12) yields

plp* = (bolp*a) €+ B+ (¢*/2a) 2+ A—aff) e, (4.18)

where B is a constant. With the help of (4.17), again, (4.13) gives

p e [p*=py/(p*a) +g/a*+c*(1 + A—ap) (3+24—2af) f/(8a*) —c*(4+ 34— 3af) £/ (6a).
(4.19)

By eliminating p between (4.18) and (4.19) and performing one integration, we have

(B (1+A—af)? (3+24—2apf) = {(1+4) (2+ A4) af —1(3+ 24) a®f% +1a°4%}
—(1+4)af+%a?p*—D(A—af) e +E, (4.20)
where E is a constant and

I'=ac®/g, D = Ba®/g. (4.21)

The properties of nonlinear progressive waves of finite amplitude on deep water, or the
equivalent properties of standing waves on a uniform stream moving with speed ¢, may be
discussed with the aid of (4.17)—(4.20). Before proceeding further with this we consider the
possibility of finite amplitude waves of the Stokes type. It is well known (see, for example,
Whitham (1974), §13.13) that finite amplitude waves of this type can be found as approximate
solutions of the three-dimensional equations, although Benjamin & Feir (1967) have shown
that such waves are unstable. We note here that in the present theory, based on (4.17)—(4.20),
with surface tension neglected, approximate solutions of the Stokes type may be found in the
form

B = b cos mx+imb® cos 2mx+ ...,

@ = (g/m) (1+b*m?+...) (4.22)

with a again chosen to be m as in the linearized theory. As far as the approximation is taken,
the results (4.22) agree with those found from the three-dimensional equations.
The type of wave motion predicted by (4.20) depends on the choice of constants of

7 Vol. 320. A
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46 A. E. GREEN AND P. M. NAGHDI

integration, 4, D and E, and these depend on the boundary conditions. As an example, a
simple case of a standing wave on a uniform stream of speed ¢, occurs when

A=0, D=0, E=0, I'=3}. (4.23)
Then (4.20) becomes

3(8)* = aff(1—24f) (4—3af) /[{(1—af)*(3—2ap)}, (4.24)

which represents a standing wave with minimum and maximum heights corresponding to
L=0,8=1/(2a) = 4c®/(9g) = h*, respectively. If A is the wavelength, then

A g [P (1=8) (3—28)tdg

— = 4(3)z . 4.25

= O 20 e (4-29)
As a second example, suppose 4, D and E are chosen so that when # =0

w; =0, /=0 p =0(p=0), (4.26)

which means that as ¥, >+ 00 there is just a uniform stream with speed ¢. Then, from (4.17)

and (4.20) it follows that
: v A=0, E=0, D=1-T, (4.27)
and (4.20) becomes

#l(1—ap)* (3—2ap) (B)? = af{(I'—1) (1 —e™¥) —{(8 —2) af +{[a®f?}.  (4.28)

The right-hand side of (4.28) has a double zero at aff = 0, a simple zero at af =y < 1, and
is positive in between, provided that

6(e—2)/(5e—12) > I' > 2. (4.29)

Then (4.28) represents a stationary solitary wave on a stream of constant speed ¢ (or
equivalently a solitary wave moving with speed ¢ on still water). The maximum wave height
is & = y/a and, recalling (4.21), the speed is

¢ = (@lh/yh, (4.30)

where I lies in the range (4.29); the number y depends, of course, on I'. The corresponding
speed of a solitary wave on a fluid of initial depth %, as computed by Boussinesq (1871),
Rayleigh (1876) and by Green ¢t al. (1974) from a theory of the form given later in §8, is
{g(h+h)}h.

N

5. SURFACE DISTURBANCE OF A STREAM BY PRESSURES: INFINITE DEPTH
We consider here the steady two-dimensional flow of a stream moving in the x-direction
on which is imposed the following surface pressures:

[[)0 —0 <XK A, X <x< O,

A

= 5.1
! 1P1 X S XK Ay, &y

where p,, p, are constants and x,, ¥, are positions on the x-axis, not to be confused with
coordinates x,, x, used earlier in the paper. We divide the fluid into three regions as follows:
region I, x < x,; region II, x; < x < x, and region III, x, < x.


http://rsta.royalsocietypublishing.org/

JA \

/ y

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

s
N\

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

NONLINEAR WATER WAVES 47

In region I,
w, = c(4,—ap) e, wy,=c(1+4,—af) e p, (5.2a)
LT(B)? (144, —af)? (3+24,—2af) = (1 +4,) (2+4,) af—4(3+24,) a*f* + Ja* )
—(1+4,)af+1a?f2—D,(4,—af) e ¥+ E,, (52b)
p/p* = (bo/p*a) €+ (¢2/2a) (2+ 4, af) ¢ +gD, /. (5.2¢)
In region II,
w, =c(4,—af) e %, w,=c(1+A4,—af) e p, (5.3a)
LT(B )21+ dy—af)*(3+24,— 2aB) = MY(1+4y) (2+ 4;) af— (3 +24,) a2+ 1a*f%)
— (14 4,) af+1a®p*—Dy(4,—af) e +E,, (5.3b)
p/p* = (by/p*a) e+ (c*/24) (2+ A, —aff) e +g D,/d’. (5.3¢)
In region 111, equations similar in form to (5.2a)—(5.2¢) but with 4,, D,, E, replaced by 4,,
D, E,.

At x=1x,, x, we suppose that the wave heights are g = f,, B, respectively and at
x—>—00, # =0 and the stream moves with constant speed ¢, with §” = #” = 0. Then, from

(5.2a)—(5.2¢) it follows that A4,=0, E,=0, D,=1—T. (5.4)

From (5.25) it is then seen that the type of motion in region I depends on the values of I which
may be I" 2 2.

We now seek a solution of the flow problem in which g, £, p and mass flow are continuous
at x = x,, x,. This yields the values

A, =0, A4,=0, D,=1—I'—pe*, E,= pap,,
Dy= 1—T+p(c—cth), E,= p(af,—apy), (5.5)
where p, —p, = p*gu/a. Then, in region I1

i (B)*(1—ap)*(3—2ap) = I'(af—{a’f* +4a°F%) —af +1a*4?
+(1—T—p e*)af e+ paf,, (5.6)

and in region III,

LT(B)? (1—ap)? (3—2ap) = I'(af—ia*f+1a*f%) — afp+ La*f
+{1— T+ (91—} af & + p(afy—af,).  (5.7)

If g, > B, and I' > 2, then no satisfactory wave motion is possible in region ITI. We next
consider the case I' < 2. From (5.25), with the help of (5.4), it is then seen that throughout
region I, f = 0 everywhere and hence £, = 0. In order to gain some insight into the nature
of the solution we first consider the case when the pressure p;, applied over the region
%, < x < x, differs slightly from the remaining surface pressure p,, i.e. when y is small. Then,
in region II we have

aB = —{2p/ (2= )} {1 —cosm(x—1x,)},
4By = — (2 (2— ')} {1 —cos m(x, —x,)}. (5.8)

and in region III,

af =—{2u/(2—1T")} cosm(x—x,) +{2u/(2—1I")} cosm(x—x,), (5.9)
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48 A. E. GREEN AND P. M. NAGHDI

where m?/at = (2—T)/T. (5.10)

A value for the coefficient I" must still be specified. The results obtained for small values of
4 may be compared with those derived by Lamb (1932, § 24) using the linear three-dimensional
theory of inviscid fluid flow for fluids of infinite depths. Lamb shows that the surface elevation
downstream of the applied pressure consists of two parts. One part diminishes rapidly as we
move downstream of the pressure, but is infinite at the edge of the pressure, whereas the second
part consists of a harmonic wave which is identical to (5.9) if we choose

I'=1, a=m=g/c% (5.11)

"This means that the parameter a (or equivalently I') has a constitutive equation in terms of
the wavelength of the downstream wave which should be a guide for determining /" in the
nonlinear problem.

We leave aside the discussion of the nonlinear case and consider the special problem of an
isolated force acting at the point x = x,. In this case, x,—x, >0 and y— 00, #,—0, in such
a way that u(x,—x,) is finite. Then it follows from (5.6) that

x,—x, > T3H/(uHa)}, B, =—H~>0. (5.12)

The pressure acts along the normal to the surface over the interval x, —x, so that, in the limit,
the isolated force has vertical and horizontal components N and L, respectively, at x = x;

N> p*gu(xy—x,)/a—>p*e*(uH/al )%,}
L>p*guH/a—>p*c*(uH)/T.

If, in addition, g(x,—x,) and hence N and L are small, then L may be neglected compared

given by
(5.13)

with N and, from (5.7) or (5.9), the surface elevation in region III is given approximately by
B ==2{I'/(2—T)} (N/p*c?) sinmx, (5.14)

where m is defined by (5.10). Again, this may be compared with results in Lamb if we make
the choice (5.11) for a (or I'), apart from the part of the solution in Lamb which is infinite
at the origin and diminishes rapidly as we move from the isolated force.

For the isolated force problem, (5.7) in region III becomes

%L (8)? (1—af)? (3—2ap) = I'(af—3a*p* +3a° %) —afi +3a°B*
+(1—T)af e+ (uHa) (1—af e %). (5.15)

In general this equation will yield periodic wave solutions depending on the value of uHa and
of I We omit a detailed discussion but note that, for small values of uHa, a periodic wave
may be found in series form whose first two terms are

B =—2(N/p*c?) sinmx+ (N/p*c?)? m{4 sin® mx—3}(1 —cosmx)}+... (wherem = g/c?)
(5.16)
and I'=1+....
To complete the discussion of the surface disturbance of a stream by a band of constant

pressure on a part of the surface we ask what happens when I" > 2. In this case the character
of the flows in the three regions differs from that considered previously. Now we assume that
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NONLINEAR WATER WAVES 49

in region III as x—> o0 the stream has a constant speed ¢ and that =0, g/ =0, 7 =0.
Application of these conditions and the continuity conditions at x = x,, x, to the sets of
equations (5.2)—(5.3), with a similar set for region III, yields the values

4,=0, E;,=0, D,=1-TI
A,=0, E,=paf,y Dy,=1—I—p e, (5.17)
A, =0, E,=pa(B,—p), D,=1—TI—p e+ peh,
and we finally obtain the results: in region III,
12l (B)? (1—ap)*(3—2aB) = I'(af—3a*f* +34a°B°) —af+ 30’ + (1—1") af =;  (5.18)
in region II,
7 (8)* (1—ap)? (3—2ap) = I'(afj—1a*f* +54°(°) — af + 3a**

+(1—1") af e+ paf,— papf e*P=F;  (5.19)
in region I,

HL(P)? (1=ap)* (3—2a) = T(ef—Ya*f* +1aF) — of +ha*p?
+(1=T)af ¢ —pa(B,— B) + 1 (¥ =) af . (5.20)

We limit attention here to the special case of an isolated force acting at x = x, so that g — o0,
x, —x,—>0, f, — f,—>0 and u(x, —x,) is finite. We put B, = f,(1+¢€) where e—>0 with ue being
finite. Then, from (5.19) we have

xo— X, > (268, /e M) {1t — (L— pe M)z}, (5.21)
where
LT (1—apy)* (3—2ap,) = I'(af,—§aBi+3a°B3) —afy +3a®B3+ (1= T') af, e, (5.22)
HMI(1—af,) (3—2af,) = aff,.
Also, the components N, L of the isolated force are given by
N—p*gpu(x,—x,)/a —>2p*2B, {L}— (L—peM)¥}/ (M),
L>p*c(ue) B/ T,
and (5.20) becomes

12(8)* (1 —ap)® (3—2ap) = I'(afj —ja*f* +54°°) —af +3a°"
+(1—=T)af e —peaf,(1—apf e*B=A).  (5.24)

(5.23)

If I lies in the range
2<I'<6(e—2)/(5e—12),

with some restrictions on the values of #, and ue, (5.24) will represent periodic wave motion
in region I upstream of the applied force. This is similar to wave motion ahead of a pressure
disturbance on a stream of small depth discussed in §9.

Other motions associated with the problem of a pressure disturbance on a uniform stream
are also possible. These involve waves in both the upstream and downstream regions of the
applied pressure but we do not discuss these here.
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6. GLIDING ON THE SURFACE OF A STREAM: INFINITE DEPTH

Problems of steady two-dimensional planing on water of large depth have been considered
by Wagner (1932), Squire (1957) and Cumberbatch (1958) using the linearized three-
dimensional equations of an incompressible inviscid fluid and small planing angles. The special
problem of two-dimensional planing of a flat plate on a stream of large, or finite depth, when
gravity effects are neglected has been examined by Green (1935, 19364, b, 1938) using classical
nonlinear inviscid fluid theory. On the other hand the nonlinear steady state solution to the
problem of the transition to planing of a two-dimensional boat, has been solved by Naghdi
& Rubin (19814a) on the basis of the nonlinear theory given in §8 for streams of small depth
and for Froude numbers F < 1, where F? = ¢2/(gh), k is the upstream depth of the fluid and
¢ its speed.

In the present section we study some aspects of the special problem of the steady state planing
of a flat plate on a stream of large depth using the nonlinear theory of §4. Again, we divide the
fluid into three regions: I (x < x;); IT (x; < x < x,); III (x, < x). Inregions I and I1I the surface
pressure / is constant, equal to p,, whereas in region II the surface has the prescribed shape
B = (x,—x) tana with the leading edge of the plate at height b tan a above the trailing edge,
where b = [ cosa and [ is the length of the plate. Equations (4.11)—(4.13) may be partly
integrated in the form (4.19) and (4.20) for regions I, ITI. A partial integration for region II
under the plate may also be effected when the surface has the prescribed shape f = (x; —x) tana.
Thus, we have: in region I,

w, = c(A,—apf) e, wy=c(1+A4,—apf) e *p, (6.1a)
= (F) (1+4,—af)? (3+24,—2af) = 3 {(1+ 4,) (2+4,) ef—3(3+24,) a®f*
+3M% — (1+4,) ap+3a*f*— Dy (4, —aff) e’ +E,, (6.1))
PIp* = (bo/p*a) e+ (¢4/24) (2+ A,—af) e+ gD, fa; (610
in region 11,
w, = c(4y,—apf) €%, w,=c(14+A4,—af) e f, (6.24)
plp* = (*/20) {2+ Ay + (1+ 4,) aff—3a*B%} ¥ — (g/a®) aff e
+ (¢2/6a) {(4+34,) af — 3a>$%/2} €% tan>a+ E, %, (6.2h)
blp* = (*/2){2+ 4, + (1 + 4,) af— 10’} — (g/a) (1 +ap)
+(c2/6) {4+ 34, + (1+34,) af— 3a262/2} tan® a+aF,;  (6.2¢)
in region III,
w, = c(dg—af) e, wy=c(1+A;—af) e g, (6.3a)
5l ()2 (1+4;—af)? (3+24;—2af) = JI{(1+4;) (2+4;) af —3(3+24,) @ +50°%
—(14+4,) afp+1a? f2— Dy (4, —af) e+ E,, (6.3b)
pIp* = (balp*a) €+ (¢*/20) (2+ Ay—af) < + gD, /a?. (6.30)

An application of these equations to the plate problem would now follow the same pattern
as that used by Naghdi & Rubin (19814, 1984) for small depths. As shown by them, the
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NONLINEAR WATER WAVES 51

solution for F < 1 in which flow ahead of the plate tends to that of a uniform stream involves
a discontinuity in the slope of the surface at the leading edge of the plate. As a result it is
necessary to discuss jump conditions at this edge because an isolated force and couple act there
to maintain this discontinuity. A solution of this type is not possible for ¥ > 1 and this aspect
of the problem was not considered further by Naghdi & Rubin. A similar situation holds for
plates on fluids of infinite depth. Here we leave aside those aspects of the problem analogous
to those discussed by Naghdi & Rubin and only consider the flows corresponding to high speeds
(F > 1). Thus, we assume that in the downstream region III as x— oo the stream flows with
constant speed ¢ and # = # = #” = 0. The height of the trailing edge of the plate at x = x,
above the level of the stream as x—>o0 is ff,, and the leading edge x = x, is at a height
B, = f,+b tana. In view of the conditions as x— 00, it follows from (6.3) that

4, =0, E;=0, Dy=1-I, I =ca/g> 2. (6.4)
We now impose continuity of mass flow, 8, #’, p at x = x;, x, so that
4, =0, 4,=0

il (1—apB,)* (3—2ap,) tan® a = I'(af,—{a*B3+3a°B3) —afy+3a°B5 + Dyaf, e/,

bo/ (p*a) + gDy e /a* = (*/a) (aff,—1a°B3) — (g/4%) af,
+ (¢®/6a) (4af,—3a?B2/2) tan®’a+ E,,

15l (1—ap,)? (3—2ap,) tan’a = I'(aff, —3a°B3 +3a°B3) — aff, +3a*B3+ D, ap, e_aﬂ"’"Ela

bo/ (p*a)+¢gD, €71 /a* = (¢*/a) (affy —1a*B3) — (g/a®) afpy
+ (c?/6a) (4af, —3a?f2%/2) tan?a+E,. (6.5)

We continue the discussion only for small values of the planing angle a so that (6.5) may be
solved approximately for g,, #,, D,, E,, E,. Thus,

af, ={T/(I'—2)} tana, af, = [ab+{I/(I'—2)}] tana,

E, = po/ (0*0) —g(I'— 1)/a*— (T —2) f = po/ (p*a) —g("— 1) /e~ (¢T tant a) /4",

D, = 1 —T+}(I'—2) (@ —a*f2) = 1 — [+}(I'—2) ab [ab+2(/ (I—2)}] tan?a,

E, =—YI'-2) (a*f?—a*p2) = —3(I'—2) ab [ab+ 2{I"/ (I'—2)}}] tan®a. (6.6)

With the help of (6.2¢) and (6.6) the net total lift, L, normal to the plate is found to be

e ML IR

approximately, while (6.14) in region I becomes

ET(B)? (1—ap)? (3—20f) = I'(af—3a*f* +1af%) — afp+ 1a*f"
+(1=T)af ¥ ~4(I'~2) (@B —a*f) (1—af ). (6.8)

Let F be the Froude number defined in terms of half the length of the plate. Then,

F? =222/ (gl) = 2T/ (al)
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52 A. E. GREEN AND P. M. NAGHDI
and from (6.6) and (6.7) we have

28,/l = F*tana/[I'(I'—2)]3, (6.9a)
q 2L/ (p*c®l) = [(I'—2)/F*+{(I'—2)/I")}}] tana (6.95)
an

12l (B)? (1—af)? (3—2af) = I'(afi =10’ +3° %) —af+3a*+ (1 —T) af e~/
—([/F?) [[(IT=2)/F2+{[(I'—2)}}] (1—af %) tana (6.10)

approximately. Equation (6.10) represents a periodic wave motion with approximate minimum
and maximum heights given by

K1+ F2/[[(I'—2)]# tana (6.11)
and WyF* (1—ye?)[{I'(I'—2)/F}+{I'(I"=2)}}] tan®a (6.12)
2r 21— {(I'=1) (e7—1)+yI} ’ '
respectively, where y < 1 is the positive root of the equation
(I'—1) (1—e%)—1(8—2)8+1I92 =0, (6.13)
and
2<I'<6(e—2)(be—12). (6.14)

For given values of F and for a series of values of I" in the range (6.14) we may compute £,/
and L/(p*c*) from (6.9) and hence obtain L/(p*c%) as a function of f,/[ for each F.

The foregoing model for gliding of a plate is likely to be unsuitable when gravity effects are
small compared with inertia effects, i.e. for large values of F. It is then appropriate to use the
theory in Green (19365).

As in the problem of a pressure distribution on a uniform stream, other motions which
involve waves in both regions upstream and downstream of the plate are possible but we do
not deal with these here.

7. NONLINEAR STERN WAVES: INFINITE DEPTH

Steady two-dimensional flow of an inviscid fluid past a semi-infinite flat-bottomed body has
been studied by Vanden-Broeck (1980) using the three-dimensional equations for an inviscid
fluid, the fluid having infinite depth. Since very few solutions of the three-dimensional
nonlinear equations are available it is of interest to see if the theory of §4 for fluid of infinite
depth can also be used to study this problem.

As in §4, we again consider an incompressible inviscid fluid of infinite depth. For steady
two-dimensional flow (in the vertical plane), we assign labels I and II to the regions
—00 < x < 0and 0 < x < o0, respectively. In region I, the fluid is bounded above by a fixed
boundary £ = 0, the stream speed is ¢ and the pressure at the fixed boundary is p;. In region
IT the upper surface is free and at constant pressure p, and leaves the fixed surface at x = 0
smoothly. The upper boundary in region I represents the bottom of a flat-bottomed body of
draft H so that

br—po = p*gH. (7.1)
Then, from §4, for steady motion we have: in region I,
B=0, p=p*g/a*+p/a (7.2)
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and in region II:
w, =c(A—ap) e, w,=c(1+A—ap) e g,

LT(B)2(1+ A—ap)? (3+24—2ap) = LI{(1+ A) (2+ ) aB—1(3+24) a8 +1a°%}
— (1+4) af+3a** — D(4—ap) e+ F,

DIp* = (bo/p*a) e+ (¢*/20) (2+ A—af) < +gD/a" (7.30-d)
At x = 0, mass flow, g, §” and p are continuous so that

A=0, E=0, D=1-TI+adH, (7.4)
where (7.1) has also been used. Setting ‘
n=af, x=ax, ®=1/Iy F?=¢?/(gH)=1T/(aH), (7.5a—d)
where F is the Froude number defined in terms of the draft H, (7.3¢) in region II becomes
()2 (1=)* (1-29/3) = 49{1 —B—1(3—20) p+}yP— (1—B—1/F?) c™7),  (1.6)

where a prime denotes differentiation with respect to ¥. The right-hand side of (7.6) has a
simple zero y = 7, if

1—D—1(3—20) g, +i—(1—P—1/F) e =0, &=1/I. (7.7)

We require that this zero %, is < 1 which imposes restrictions on the values of @. Then (7.6)
represents a periodic wave motion in region II whose peak-to-trough wave height, 4, is

h/H =5, DF2. (7.8)

The wavelength, A, is given b
g g Y A @ én% o
onF?H =w ), G’ (7.9)

where
G(u) (1—79 sin®u)? (1 —2y, sin?u) = 4(3—29) —1y, (1 +sin%u)

_(_l_.w} — — e~nSintu
+{ 7o cost (e e ). (7.10)

To complete the problem we must specify a constitutive equation for @ which is assumed to
be a function of F. Here we specify @ (or equivalently the non-dimensional coefficient aH),
by choosing the wavelength, A, in (7.9) to be given by

A=kn/a or A/H=kndF? (7.11)

where £ is a constant. Hence, from (7.9)

1 [ du .
;f_fo @"Ek- (7.12)
The steepness, s, of the wave is
s=h/A =y,/kn. (7.13)

If @ >k, when F?— 0, it is seen from (7.7) and (7.8) that

9, —>4/{(2ky— 1) F3, h/H->4k,/(2k,—1). (7.14)

8 Vol. 320. A
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54 A. E. GREEN AND P. M. NAGHDI

Also, from (7.12), (7.9) and (7.13)

k=2/(2k,— 1), A/(2RF2H)—>k,/(2k,—1)3, snF?-—>2/(2k,— 1)k (7.15)

In order to illustrate the general character of the solution it is sufficient for our purpose to
obtain asymptotic expansions for £ and A in terms of F. It is, however, slightly more
convenient to express the solution in terms of #,, which is the root of (7.7) lying between 0
and 1. Thus, we set

D =ky—kym—kpi—-.., (7.16)

and substitute these expressions into (7.7) and (7.12) which must then be satisfied identically.
This yields the values

F2=mg+mymi+mynd+...

o= 14+2/2, K, =1+5/3k,
m, = 1/,

ky = —a%gkz_z-g§_83/l44k2’l

(7.17)
my = —d—5/6K%,  my = rhssk®+ 535+ 35/288K* |

for the earlier coefficients in the series (7.16). Evaluation of further coefficients is a somewhat
lengthy algebraic process so we restrict our computations to (7.16) with the values (7.17) and
for values of 5, between 0 and 0.75. It is likely that accuracy, compared with a complete
solution, will be less satisfactory for values of 9, at the upper end of the range. It remains to
specify the value of the coefficient £. For this we may get some guidance from the solution of
the problem given by Vanden-Broeck (1980) who uses three-dimensional inviscid fluid theory.
We observe that Vanden-Broeck gives the following asymptotic values for #/H, A/H:

h)H-> 28, A/ (2rHF?) —1 (7.18a, b)
38 tle _
. sl
34 i
| 40+
30 i
i 1 1 I 1 1 1 1 L 1 ] J|/ 1 1 1 | | I 1 1 1 j
oV 24 28 3.2 36 40 0 24 28 3.2 36 40
F F

Ficure 1. A plot of the ratio of the wave height, 4, to the draft, H, of the flat-bottomed body against the Froude
number, F (defined by (7.54)). Also shown are the values (—e—) from table 1 of Vanden-Broeck’s (1980) exact
solution.

Ficure 2. A plot of the ratio of wavelength A to the draft, H, of the flat-bottomed body against F. Also shown are
the values (—e—) from table 1 of Vanden-Broeck’s (1980) exact solution.
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NONLINEAR WATER WAVES 55

as F—>o0. It is clear from (7.14) and (7.15) that we cannot obtain both of these values in the
present theory by suitable choice of £ (or k). For example, we may take £* = 2 (or k, = 1)
and then (7.15b) gives the value 1 as in (7.18). Then, however, (7.14) yields #/H—4 which
does not compare very favourably with (7.184). With some guidance also from the remaining
values of £ and A for varying values of F, we choose £* = 3. Then, for large values of F,

A/ (2nF2H)>1.123, h/H->2.75. (7.19)

This gives a difference of less than 3%, in the value of #/H when compared with (7.18) and
a difference of 129, in A/(2rnF2H).

With 2 = §, the values of @ and 1/F? have been found from (7.16) and (7.17) and then
h/H and A/H have been computed from (7.8) and (7.11).

It is found that the solution exists only for values of F' 2 2.20 and that in the neighbourhood
of this value of F, both £/F and A/F are multivalued. Vanden-Broeck found that his solution
exists for values of F > 2.23 and also noted multivaluedness. Figures 1 and 2 represent plots
of h/H and A/H as functions of F, where comparisons with the results of Vanden-Broeck (as
presented in his table 1) are also indicated.

PART C. FLUIDS OF SMALL DEPTH

8. INTRODUCTION

Based on the theory of §2 we recover here the theory of inviscid fluid flow for small depths
h, directly in Eulerian form, instead of from the Lagrangian equations given in previous papers.
The fluid has constant density p* and in the theory of §2, 5 is a plane surface { = x; = 0 and
we use the notation of (4.1). The fluid is subject to constant gravity g in the direction —e,
and is bounded by the fixed surface x, = 0 and a surface

§ =23 =P(xy, %5, 1) (8.1)
at which there is a pressure p = f(x,, x,, ¢) and a constant surface tension 7. From §2 we select
the theory with one director which corresponds to a choice of weighting function A,({) = ¢
in the Appendix. Referred to the basis e;, the velocity vector v, director velocity vector w,,
and the various kinetical quantities in §2 can be expressed as

v=ue, w =uwe, d =e,
N,= Ny, e, M,, = M,,e; (8.2)
k'=kle, f=fie, I=le,.
Since the fluid is incompressible it follows that
Vputw =0, (8.3)
where w, = w. Now, let the director be constrained such that |

w, = 0. (8.4)

The constraint responses are found with the help of the mechanical power (2.13) and are such
that the corresponding mechanical power is zero, and are

Na = _ﬁea, IC1 = —ﬁe3+rﬂeﬂ, Mla = raﬂeﬂ, (8.5)

8-2
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56 A. E. GREEN AND P. M. NAGHDI

where p, 75 and 7, are arbitrary functions of x,, . Since the fluid is inviscid (8.5) represents
the complete specification for the response functions, and in view of (2.12)

7= 0. (8.6)
In view of (A 11) and (A 17) we choose the following values for y,, 5, Uy N, f5 I
PYoo = P*Bs Y10 = 30*P% py1 = 5P
PVo = P*PV, €, U = 3p*P% (1, €, + wey),
PUo = P*P, €, Uy = 3% P00, €, +wey), (8.7)
pf =—p*gpes+ (b—q) ¢ .e,— (b—g—1h) e
pl' = —jp*gd’e,+ (h—q) o e, — (h—q) pes,

where p is the pressure at the fixed surface x; = 0 and ¢ is given by a formula of the type (4.10)
with £ replaced by ¢. With the help of (8.3)—(8.7) the relevant field equations in (2.9)—(2.11)

reduce to 0¢/ot+ (¢v,) , =0,
p*é (v, /3t +v,00,/0x5) = —0p/Ox,+ (h—q) 0p/0x,,
¥4 (Qw/dt+v,0w/dxy+w?) = —p*gd— (h—q—p),
1p*¢° (Qw/dt+vydw/dxs+w?) = p—3p*gd*— (h—q) $.

The equations involving the constraint response functions 7., are omitted since these are not

(8.8)

required. The results (8.3) and (8.8) are equivalent to those found in a number of previous
papers from a Lagrangian formulation.

Steady state one-dimensional solutions of equations (8.3) and (8.8), in which all functions
depend only on x,, are possible if

v =k/¢, w=k$'/¢?,
p/p* = pop/p* + Rp— 38> —3k* (1 +5(8)%) / ¢, (8.9)
blp* = po/p*+R—gp—1*(1—4(4")2) /9~ k°¢"/ &,

where £, R, p, are constants, a prime denotes differentiation with respect to x, and surface
tension is omitted. Moreover, if § = p,, a constant, then

k2(P)? = k2 — 2S¢ + 2RG* — g, p/p* = pop/p* +S—F/$, (8.10)

where § is a constant.

9. SURFACE DISTURBANCE OF A STREAM BY PRESSURES: SMALL DEPTH

A number of applications of the theory in §8 concerned with the disturbance of a stream
of small depth by bodies of specified shape have been given by Caulk (1976) and by Naghdi
& Rubin (19814, 4, 1982, 1984). Recently, using the same theory, Ertekin ¢f al. (1984) have
made a detailed numerical study of wave propagation due to a particular surface pressure
disturbance and have compared their work with experimental data. Here we study problems
similar to those in §5 for a stream of small depth using the theory of §8.
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NONLINEAR WATER WAVES ' 57

Consider a steady-state stream in the x-direction (x; = x) and a constant band of pressure
p = p, on the stream between x = x,, x = x,, the remaining surface in the regions x < x;, x > x,
having atmospheric pressure p = p,. We divide the fluid into three regions and make use of
(8.10) with zero surface tension, setting v, = ». Thus: in region I (x < x,),

ov =k,
P2 = B 25, §+2R, ¢ —g¢", ®0.1)
p/p* = pod/p*+S,— K/ P;
in region II (x; < x < x,),
ov = k,,
1R2(4')? = k3—25, ¢+ 2R, p* — gdb*, (9.2)
p/p* = pyB/p*+S,—k3/;
in region III (%, < x),
v = ks,
W3(8)2 = k3 — 28,6+ 2R, §* —g*, 9:3)

p/p* = po P/ p* +S;— K3/

At x = x,, x, the wave heights are 4,, &,, respectively, and at x—>— o0 the stream is of depth
k and moving with constant speed ¢. We seek a solution of the flow problem in which ¢, ¢,
p and mass flow are continuous at x = x,, x, so that, from (9.1)—(9.3), it follows that

ky =k, = ky = k = ch,
R, = 2/K2+gh, S, =k*/h+1gh,
Sy— K2/ hy+pr by [p* = Sy — K[ hy+po by [ p*,

(9.4)
Ry—Sy/hy = Ry — 8,/ hy,
S3— k2 /byt po o/ p* = Sy — K2/ hy+py hy/ p*,
Ry—S8y3/hy = Ry— S,/ by
Thus: in region I,
)T = (h— )28/ =),
pIp* = po/p* +3eh* + K2/ h—k2/b; (9.5)
in region II,
FH(P)? = (h—¢)*(R*/h* —g¢) + 2ughp(h,— &),
bIp* = p $/p* — pghhy+3gh? + K2 [h—k*/ B (9.6)

in region I1I,
HHP)? = (h— )2 (R*/h®—g) + 2pgh(hy —hy) B,
p/p* = po/p* — pgh (hy—hy) +3gh* + k*/ h— K/ b, (9.7)

where p, —p, = p*ghu. If hy > h,, then (9.7) only yields a satisfactory wave form in region I1I
if F'2 = k%/(gh®) = ¢2/(gh) < 1. In this case (9.5) shows that there is motion in region I only

if B=h p/p* = poh/p*+gh. (9.8)
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58 A. E. GREEN AND P. M. NAGHDI
Then, in region II
hy=h, k(@) = g(h—){P*— Ph(1+ F2—2p) + F* %}, (9.9)
and in region III
3k (9)? = g(h—B)*(F*h—P) + 2guh(h—hy) $. (9.10)

From (9.10) it can be shown that if
64u(1—hy/h) < {F2+2— (F*+8F?)i {4 —F2— (F*4+8F?)}p, (9.11)

then periodic wave motion is possible in region III. This motion degenerates into a flow in
which the height decreases continuously from ¢ = 4, to

¢ = IW{F2+ (F4+8F2)} < h, < h

if 64u (1 —hy/h) = {F?+2 — (F*4 8F?)}} {4 — F?— (F*+ 8F?)}2,

For other values of # no satisfactory motion is possible. Consider further the special case when
the region IT becomes small and the force p, becomes large such that an isolated force acts on
the surface at the point x = x,, ¢ = h. Let &, = #(1 —¢€) where € is small and assume that g
becomes large in such a way that ue tends to a finite limit. The isolated force has vertical and
horizontal components N, L respectively at x = x, given by

Ty ks
V= [T pdsptghutsn—x), L=—["p dp = praitue (9.12)
z, h
when x,—x; and hence € are small, and from (9.9),

xy—x; > (2)E hFe/ (ue)t. (9.13)
Hence
(ne)i—~(@f N/ (p*gh*F),
L->3N?/{2p* gh?F?}. (9.14)

If, in addition, e and hence N and L are small, then L may be neglected compared with ¥
and, from (9.7), the surface elevation in region III is given approximately by

¢ = h— (3N/p*cia) sin (ax/h), (9.15)
where

a = {3(1—F?)}/F. (9.16)
For this special situation, and for streams with small depths, the solution may be compared
with that given by Lamb (1932, §245) which was obtained with the help of the three-
dimensional linear theory. Lamb shows that upstream of the isolated force there is a
disturbance of the surface which dies away rapidly as we move upstream of the isolated force.
Downstream there is a similar disturbance together with an harmonic wave of length 2rnh/x

and maximum and minimum wave heights

4 2N&
TprHEt—(1-F)/FY

(9.17)

above the undisturbed stream where tanh & = F%a&. Since F? < 1 comparison between the
solution given by Lamb and the special case of the present (nonlinear) theory for small values
of N and % appears only to be relevant for values of F? in the neighbourhood of 1. Then a ~ a
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NONLINEAR WATER WAVES 59

and the results from Lamb and the present theory agree as far as the wave-like part of the
motion is concerned. For small values of F* Lamb’s solution should be compared with the
isolated force solution based on the theory of §4 and given in §5.

When F? > 1 the character of the flows in the three regions is different from that already
discussed. We now assume that in region IIT downstream of the constant pressure p,, the stream
is of constant depth and moves with speed ¢ as x + 00. Adopting (9.1)—(9.3) for the three regions
the continuity conditions at ¥ = x,, x, and the conditions at x— c0 now yield

ky, =ky=ky =k = ch?,
Sy — K/ hy+pohi/p* = Sy—k*/hy +p, by /¥,
Rl""Sl/hl = R2—S2/k1)

(9.18)
Sa— K2/ hy+ by hy/p* = S3— K /hy + b, hz/P*,ﬂ
Ry—S;/hy = Ry—S3/hy,
Ry, =32/ +gh, S;=k*/h+Ligh? )
Thus: in region III:
P )= (1—@/h)* (FE—@/h), F?=c?/(gh) > 1; (9.19)
in region II:
(@) = (L—=/h)* (F2—@/h)+2u(p/h) (hy/h—P/h); (9.20)
in region I:
e SF2($)2 = (1— /)2 (F— $/h) — 2u(hy— hy) § /1. (9.21)

Here F? > 1 although /4 is now the downstream instead of the upstream depth. From (9.21)
we see that wave motion is possible if

64u(hy—hy) /h < {(F*+8F2)i+ F2—4}2{(F*+8F?2)i— F2—2}. (9.22)

This type of wave motion ahead of the pressure disturbance is similar to that discussed
numerically by Ertekin et al. (1984) for a different pressure disturbance and for unsteady flow.
The particular case of an isolated force may be considered as a special case of the foregoing
discussion.

Again, as in the problem of a pressure distribution on a stream of infinite depth, other
motions which involve waves both upstream and downstream of applied pressure are also
possible.

10. GLIDING ON THE SURFACE OF A STREAM: SMALL DEPTH

Here we consider the problem of gliding of a plate on a stream of small depth, which is similar
to the problem discussed in §6 for infinite depth. The nonlinear steady-state solution to the
problem of the transition to planing of a two-dimensional boat has been solved by Naghdi &
Rubin (19814) on the basis of the theory given in §8 for F < 1, where F? = ¢2/(gh) and £ is
the upstream depth of the fluid and ¢ its speed. Here we limit attention to the case F > 1.

The height of the trailing edge of the plate which is at the point x = x, is 4,, and the leading
edge x = x, is at a height k, = h,+b tana, where b = [ cosa, [ is the length of the plate and
 its inclination to the horizontal. We divide the fluid into three regions as in §9. In regions
I and III the surface pressure, , has the prescribed constant value p,, whereas in region 11
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60 A. E. GREEN AND P. M. NAGHDI

the surface has prescribed shape which here is ¢ = h,+ (b—x) tan « with an unknown $ on this
surface. In region I,

Pv="hy, 3Ki($")? =ki—28¢+2R, $*—gp% p/p* = poP/p*+S—k/¢; (10.1a—)

in region II, v =ky, ¢=h,+(b—x) tana,

p/p* = po$/p* + Ry p—igp®— (k3/2¢) (1+5 tan*ar), (10.2)
blp* = po/p* + Ry —gp— (k}/2¢7) (1 —§ tan’ ),
in region III,
dv =k,
VA" = K254+ 2R, 8 — g, (10.3)
p/p* = by b/ p* +S3— K5/ .

For region III, at x> 00 we assume that the stream has speed ¢ and that ¢ = £, ¢" = ¢” = 0,
so that in region III,
dv =1k, =ch=k,

2 (P)? = (p—h)2(K/h*—g9), (10.4)
b/p* = poP/p*+S,— K/
Continuity of ¢, ¢, ¢v, p at x = x,, x, yields

k, =k, =k, (10.54a)
2 tan®a = (h—hy,)%(k%/h* —gh,), (10.5b)
'%2+§gh2 = R, hy+k?/2h, —3gh3— (k* tan®a) / 6h,, (10.5¢)
S, = Ry h, +k?/2h, —Lgh? — (k* tan®a) /64, (10.54)
3k? tan® o = k2 —28, b+ 2R, b2 —ghi, (10.5¢)
h, = hy+b tana. (10.5f)

Hence :
R, =R, = Lk*/h*+gh (10.6)

and (10.55) yields a possible value #,, if

tan?a < 4(F2—1)3/(9F%), F2>hy/h>1, F?=¢%/(gh) > 1. (10.7)

We confine further discussion to the case when the angle of planing is small. Then, it follows
from (10.5), that

hy = h[1+F{3(F?—1)}%tana], S, =k*/h+igh®+1gh?y tan®a,
v=(F*=1) (b/h)[6/h+2F{3(F*—1)}2], (10.8)

approximately. Equation (10.15) in region I becomes

(P = (1=@/h)* (F2—¢/h)—y($/h) tan®a. (10.9)
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NONLINEAR WATER WAVES 61
This represents a periodic wave with maximum and minimum heights
hF2{1—y(F?2—1)"%tan®a} and A{1+93(F2—1)"}tanal, (10.10)

respectively. From (10.2) we obtain L, the net total lift normal to the plate, in the form

_ T @‘_po)dqs_l %72 FP—1\[b 2F
1= [ = v (5 [ g ene -

approximately.

The foregoing model for the gliding of a plate when the downstream Froude number F > 1
is likely to be unsatisfactory when gravity effects are small compared with inertia effects, i.e.
when Fis large. Then the maximum wave height (10.23) ahead of the plate becomes very large
and the flow is likely to break up into a spray at the leading edge of the plate. It is then
appropriate to use the theory of Green (1935, 19364, b, 1938).

Gliding which involves waves both upstream and downstream of the plate is also possible but
is not discussed here.

11. NONLINEAR STERN WAVES: SMALL DEPTH

The problem of nonlinear stern waves discussed in §7 has not been discussed with a
three-dimensional theory when the depth is finite, so we consider this problem here with the
use of the small depth theory of §8. Consider two regions in which an incompressible inviscid
fluid is bounded below by a straight bottom and flow is two-dimensional. In region I,
— 00 < x < 0, the fluid is bounded above by a fixed boundary ¢ = £, the stream speed is ¢
and the pressure at the fluid boundary is p; In region II, 0 < x < 00, the upper surface is free
and at constant pressure p,, and leaves the upper fixed surface at x = 0 smoothly. The upper
boundary in region I represents the bottom of a flat-bottomed boat of draft H so that

pr—bo = p*gH. (11.1)
Then, from §8, for steady motion: in region I,
$=h p=phtip*eh®; (11.2)
in region II, o=k
2()? = k2 —285¢ +2RP* — g3, (11.3)

b/p* = pop/p* +S—k/¢.
At x = 0, ¢v, ¢’, p are continuous so that
k=ch, S=kK/h+igh*+ghH, R =13*/®+gh+H) (11.4)

and in region II

FHP) = (P—h)* (KA —gB) + 2¢HP ($— ),

or :
IFE(B)2 = fA(F*—1— ) +2mB(1+B), ' (11.5)
m=Hjb, F*=c/(gh, ¢=h1+f), x=Hh,

9. Vol. 320. A
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62 A. E. GREEN AND P. M. NAGHDI

and a prime denotes differentiation with respect to ¥. Wave motion is possible in region IT with
minimum and maximum heights

B=0, =8, 2B,=F*—1+2m+{(F*—1+2m)2+8m}. (11.6)
The wavelength, A, is then given by
A_2F A dg _ 4kFK (k)
b V/3Jo BB —=B) Bo+B} (38y)F
By =2m/fy, K = B}/ (B}+2m), (1L.7)
where K(k) is the elliptic integral defined by
K(k) =fin(f:157d§ii?1?§)"%' (11.8)

It is now straightforward to compute maximum wave height, wavelength and steepness of the
waves in region II for ranging values of F and m.

PART D. FLUIDS OF FINITE DEPTH

12. INTRODUCGTION

In parts B, C we established theories for wave propagation on inviscid incompressible fluids
of constant density p* which had either small or infinite depths. Here we obtain a theory for
such fluids which have finite depths, based on the general theory of § 2. The surface, 7, is again
a plane surface { = x; = 0 and we use the notation of (4.1). The fluid is subject to constant
gravity g in the —e, direction and is bounded by the fixed surface x; = —h, where 4 is a
constant, and the surface of the stream is again given by (4.2), at which there is a pressure
p = p(x,, x,, t) and a constant surface tension 7. The pressure at the bottom surface is . From
§2 we select the theory with three directors corresponding in the appendix to the choice of
weighting functions, A,({) = cosh{a({+h)}, A,(§) = sinh{a({+A)}, A;(§) = {, with a being
constant and we choose  _ B B _

d,=x,e,+de,, d =d,=0, d,=e,, (12.1)
where d is a constant. Also, we specify the velocity v to be constant in a direction parallel to
the 3 plane and the velocity w, to be zero so that

v=c¢e, w,=0, (12.2)
where ¢, are constants. The director velocities have components
W, = W€ Wy = Wy €y, (12.3)
and in the light of (A 19) the incompressibility conditions are
Wy, ot awyy =0, wy, ,+aw;;=0. (12.4)

In addition to the incompressibility constraint (12.4), and the constraint (12.2) on v we adopt
a further simplification in the theory by imposing the extra constraint

Wy, = 0. (12.5)
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NONLINEAR WATER WAVES 63

Then, in view of (12.2), (12.4) and (12.5), the constitutive equations for an incompressible
inviscid fluid are

N,=r,e, k,=—pae; k,=gq,e,—pae,, l (12.6)
M, = '

a

—te, M2a = —-qﬂa eﬂ_pl €y M3a = 40 €1 k3 =% ei’J
where 7;,, G4 Gups D> P15 Siar $; are functions of x,, t. With the help of (12.1) these satisfy (2.12)
if

Tsa = Sa>  Tap = Tgar (12.7)

In view of (A 11) and (A 17) we choose the following values for y,,n, Vpsn /5 s Iy

PYoo = P*$ = p*(B+h), pys = (p*/a) sinh (ag), ‘
PYso = (p*/a){cosh (ag)—1}, py,, = (p*/2a) {sinh (ag) cosh (ag) +ag},
PY1s = (p*/24) sinh? (ag),

PYss = (p*/20) {sinh (ag) cosh (agp) —agh},

(12.8)

PO = {p*c, §+ (p*/a) w,, sinh (ad)} e,
P10 = (p*/a) [c, sinh (ap) +1{sinh (ag) cosh (ag) +ag}u}e,

+1p* {sinh (a¢) cosh (app) —ad} w,, e,,
POy = (p*/a) [¢, {cosh (ap) —1} +3 sinh® (ag) w,,] €,+3p* sinh? (a) w,; €5, )
poy; = (p*/a) [3¢, {sinh (ap) cosh (ap) +ag} )

+ {4 sinh® (ag) +sinh (ad)} w,,] e, +3p* sinh? (ad) w,, e,,
POy = (p*/a) [¢, sinh (ap) +{sinh (ag) cosh (ap) +ag} w,,] €,,
POy = (p*/a) [¢,{cosh (a) — 1} +] sinh® (ap) w,,] €,,
pU1, = (p*/a) [3¢, sinh® (ap) +5{cosh® (agp) — 1} w,,] e, (12.9)

+p*{3 cosh® (ad) — cosh (ag) + 2} w,, €,

POy, = (p*/a) [3¢, {sinh (ap) cosh (ap) —ag}+] sinh® (ad) wy,] €,
+1p* sinh® (a¢p) w,, e,,

pvyy = (p*/a) (3¢, sinh® (ag) +§{cosh? (ap) — 1} w,,] e,
+1p* {cosh® (ag) — 1} w,, €, J

and
pf = (b—4q) €.~ (b—q9—1) es—p*gdes,
ply = (—q) ¢, cosh (a) e,—{(p—q) cosh (ap) —p} e;—p*(g/a) sinh (ag) €5, } (12.10)
pl, = (p—q) § , sinh (ag) e,— (f—q) sinh (ag) e;— p*(g/a) {cosh (ap) — 1} €,,

where ¢ = f+h. As previously ¢ is given by (4.10) or by (4.10) with £ replaced by ¢.

9-2
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64 A. E. GREEN AND P. M. NAGHDI

With the help of (12.4)—(12.10) the field equations (2.9), (2.10) and (2.11) reduce to

0¢/0t+{c, +w,, cosh (ap)} d¢p/0x, —w,, sinh (ag) = 0, (12.11)

(p*/2a) {sinh (ag) cosh (ad) + ag} Qw,, /0t + (p*/a) [3¢4{sinh (ag) cosh (ap) + ag}

+ {3 sinh®(ag) +sinh (ag)} w, ;] Qw,,/0x;+3p* sinh®(ad) wyy wy,

= —p/dx,+ (h—q) cosh (a) Op/0x,, (12.12)

(p*/2a) {sinh (ag) cosh (ag) — ag} By /0t + (p*/a) [}c, {sinh (ap) cosh (agh) — ag)

+1 sinh3 (ag) w,, ] Qw,,/0x, +1p* sinh® (ad) wi,

— ap— (f—g) sinh (ag) —p*(¢/a) {cosh (ag) — 1}. (12.13)

The equations involving the constraint response functions py, 74, 4,5 ¢up Sis» 5; 20d the pressure
p on the bed of the stream are omitted, since the values of these constraint response functions
are not required in the further development of the theory.

As in the theory of §4, it is also instructive here to examine the linearized form of (12.4)
and (12.11)—(12.13). With ¢ = A+ f we have

Ow,, /0%, +aw,, = 0, 0F/0t+c,0f/0x,—w,, sinh (ah) = 0,
(p*/2a) {sinh (ah) cosh (ah) + ah} (dw,,/0t+cz0w,,/0x,) = —0p/0x,,
(p*/2a) {sinh (ak) cosh (ah) — ah} (Qwy,/0t+ c 50wy, /0xy)
= ap— (p*g/a){cosh (ah) — 1 +af sinh (ah)}— (hp— T 0?/0x,0x,) sinh (ah).

(12.14)

One example of the use of these equations is for wave propagation in the x,-direction when
¢; =0 of the form g = Lsinm(x—ct), when p is constant, or equivalently, standing waves
B = Lsinmx on a uniform stream ¢, = ¢. Either is a possible solution of (12.14) provided
that p*c¥{(a®+m?) cosh (ah) + (a® —m?) ah} = 2(p*g+ Tm?) asinh (ah). (12.15)
We again choose a = m so that (12.15) reduces to

¢ = (g/m) {1+ Tm?/(p*g)} tanh (mh),

which is identical with that found from the linearized three-dimensional theory (Whitham

1974, §12.1).
Returning to (12.4) and (12.11)~(12.13) we consider travelling waves or, equivalently

steady motion waves on a stream moving with constant speed ¢ in the x,-direction, the surface
pressure $ being equal to p,, a constant, and zero surface tension. Then ¢, = ¢, ¢, = 0 and ¢,
Wy, Wyy and p are functions of x;. Using a prime to denote differentiation with respect to x,
it follows from (12.4) and (12.11) that

wy, = ¢(4—af)/sinh (ag), |
Wyy = ¢{(A—ap) cosh (ag) +sinh (ap)} ¢’ /sinh? (a¢),J

where 4 is a constant. One component of the equations of motion is satisfied identically and,
with the help of (12.16), the other component in (12.12) yields

p1p* = (pofap*) sinh () + Bg/a— (c/2a) {sinh (ag) cosh (a) + agp+2(4—af)} uy,
+ (c®/a) {(4—ap) cosh (ap) +sinh (ag)}, (12.17)

(12.16)
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where B is a constant. With the help of (12.16) again (12.13) gives

p/p* = (bo/ap*) {sinh (ap)} + (g/a?) {cosh (ag) — 1}

+ (¢/12a%w},) [(wi,)2{—2(4—ap) sinh? (ad) — 3 sinh (ag) cosh (ag) +3ag}]’. (12.18)

By eliminating p between (12.17) and (12.18) and performing one integration, we have

121 (#')* [{(4—af) cosh (ag) +sinh (ag)}/sinh?* (agh)]?
x {3 sinh (ag) cosh (a¢) —3ap+2(A4—apf) sinh? (agh)}
= — (A—af){B+1—cosh (a)}/sinh (ag) +1(4—ap)?
+I'[(A—af)?{2A—a(B—h)}/4 sinh® (a) —3(A—af)? cosh (ap)/4 sinh (ag)

—4A—af)P—(A—af)]+E, (12.19)
I'=ac%/g. (12.20)

where FE is a constant and

The properties of nonlinear progressive waves of finite amplitude on water of any depth, or
equivalently, the properties of standing waves on a uniform stream may be discussed with the
aid of (12.6)—(12.19). Suppose now that the constants 4, B and E are chosen so that when
B=0(p="h),F =0, =0,w,=0.Then

A =0, E=0, B=cosh (ah)—1—1I"sinh (ah) (12.21)
and (12.19) reduces to
&($)2 [{af cosh (ap) —sinh (ag)}/sinh? (agp)]2{3 sinh (ag) cosh (ap) — 3ag — 2af sinh? (ag)}
= af} {cosh (ah) —cosh (ag)}/sinh (ad) +3a?p%*+ I'{—a®F2(f — k) /4 sinh? (ag)
—34a®p? cosh (ag) /4 sinh (ad) —af sinh (ah) /sinh (app) + 24343 +af}. (12.22)
The right-hand side of (12.22) has a double zero at aff = 0, and is positive in the neighbourhood
of this double zero if 15 9 ginh2 (ah) /{sinh (ah) cosh (ah) + ah}. (12.23)

If the right-hand side of (12.22) has a positive simple zero which is less than the single zero
of tanha(B+4h) = af (12.24)

then one solution of (12.22) represents a solitary wave. Two limiting cases of (12.22) are of
interest. When the fluid has infinite depth, ah— 00 and (12.22) reduces to the simpler equation
(4.29). On the other hand, when the depth is small compared with a characteristic length then
ah—>0, aff—0 and (12.22) becomes

5 () = P —gh—gP), (> gh) (12.25)

which is the same equation as that derived by Green et al. (1974) using a direct theory with
one director, as in §8.

13. SURFACE DISTURBANCE OF A STREAM BY PRESSURES: FINITE DEPTH

We consider the same problem as that discussed in §§5 and 9 but now using the theory of
§12. There is a steady-state stream in the x-direction (x; = &) on which is imposed the surface
pressures specified in (5.1). As in previous sections we divide the stream into three regions and
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66 A. E. GREEN AND P. M. NAGHDI

make use of (12.16), (12.17) and (12.19) in each of the regions x < x;, ¥; < x < x,, x, < x. In
region I we have these equations with constants 4,, B,, E;; in region II the same equations
with constants 4,, B, E, and in region III the constants 4,, B,, E, with p, replaced by p, in
(12.17). At x = x,, x, the wave heights are ¢ = &,, h, respectively, or # = pB,, f, where
¢ = h+f and at x—>—c0 the stream is of depth 4 and moving with speed ¢, with ¢’ = ¢” = 0.
H

enee A, =0, E =0, B,=-cosh(ah)—1—TIsinh (ah) (13.1)
and the flow in region I is then governed by an equation of the form (12.22). The type of flow
in region I then depends on the values of I which may be

I’ Z 2 sinh? (ah) /{sinh (ah) cosh (ah) + ah}. (13.2)

We seek a solution of the flow problem in which @, ¢’, p and mass flow are continuous at
X = X, X,. This yields the values

4,=0, 4,=0,
B, = cosh (ah) —1—1I"sinh (ah) — pu sinh (ah,),
By = cosh (ah) — 1 —I"sinh (ah) + u {sinh (ah,) —sinh (ah,)}, (13.3)

E, = papy, Ey=pa(fi—pfy), pr—po = p*pg/a
Then, in region II:
&1 (¢")? [{apf cosh (a¢p) —sinh (ag)}/sinh? (ap)]?{3 sinh (a¢h) cosh (agp) — 3ad — 2af sinh? (ag)}
= af} {cosh (ah) — cosh (ag)}/sinh (ap) +2a®f*+ I'{ —a®*B2(f—h) /4 sinh? (agh)
— 3a%(® cosh (a¢p) /4 sinh (a) —af sinh (ak) /sinh (ag)

+1a®f*+af} + paf, — paf sinh (ah,)/sinh (ad) (13.4)
and in region III:

150 (¢")? [{af cosh (agp) —sinh (ag)}/sinh? (agh)]?{3 sinh (a¢g) cosh (ag) — 3ap — 2ap sinh? (ag)}
= aff {cosh (ah) — cosh (ag)}/sinh (ad) +La2p%+ I'{ — a®B% (8 —h) /4 sinh? (ag)
— 3a®p? cosh (ag) /4 sinh (a¢p) —af sinh (ak)/sinh (ag)
+3a3 B+ af} + pa(f, — f,) — [nap {sinh (ah,) —sinh (ak,)}]/sinh (ap) (13.5)

If 8, > B, and I' = 2 sinh? (ak) /{sinh (ak) cosh (ah) +ah} then no satisfactory wave motion is
possible in region I1I. We restrict I so that

I' < 2 sinh? (ah) /{sinh (ak) cosh (ak) + ah}. (13.6)
From (13.1) and the equations for region I, it is then seen that throughout region I
¢o=h =0, hy="~r p=0. (13.7)

We limit further development here to the problem of an isolated force acting at the point x = x,.
Then x,—x, >0 and g— o0, #,—0 in such a way that g(x,—x,) is finite. Then, from (13.4),

we see that %y— x, > '} H {sinh (ah) cosh (ah) — ah}/{(uHa)} sinh (ah)},
By =—H—>0. (13.8)
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NONLINEAR WATER WAVES 67

The pressure acts normally to the surface over the interval x,—x, so that, in the limit, the
isolated force has vertical and horizontal components N, L respectively at x = x, given by

N—p*gpu(x,—x,)/a
- p*c2(uH/al)} {sinh (ah) cosh (ak) —ah}t/sinh (ah), (13.9)
L—p*gH/a—>pc*(uH)/T.

If, in addition, p(x,—x,), and hence N and L are small, then L may be neglected compared
with N, and from (13.5), the surface elevation in region III is given, approximately, by

2N % sinh? (ah) sin mx (13.10)
p= p*c? {sinh (ak) cosh (ah) —ah}} [2 sinh? (ah) — I {sinh (ak) cosh (ah) + ah}]}’ .
where
2 inh?2 —_ 1
m?® _ 2 sinh? (ah) — I'{sinh (ak) cosh (ah) +ah}' (13.11)

a? I'{sinh (ak) cosh (ah) — ah}

These results for small values of N may be compared with those derived by Lamb (1932, § 245)
using the linear three-dimensional theory of inviscid fluid flow. Lamb shows that the surface
elevation consists of two parts. One part dies away rapidly as we move away from the isolated
force, whereas the second part consists downstream of a harmonic wave

_ 2 Na sin (ax/h)
I S

F?a = tanha, (13.12)

where F? = ¢2/(gh) < 1. This part of the solution is identical with that given in (13.10) if we
choose the coefficient a so that
I'=c¢%a/g = tanh (ah), ah=a (13.13)

and, from (13.11) m = a. The inequality (13.6) is satisfied.

As in §5 for a fluid with infinite depth we may continue a study of the nonlinear isolated
force problem by returning to (13.5), using the value (13.13) for I', but we omit details.
Likewise we leave aside any further discussion of the problem for values of I' not satisfying
(13.5).

It is clear that we may use the theory of §12 to discuss the remaining problems considered
in previous sections when limited to either small or infinite depths, using similar techniques,
but again we omit details.

The work of one of us (P. M.N.) was supported by the Fluid Mechanics Program of the U.S.
Office of Naval Research under contract N00014-86-K-0057, Work Unit 4322-534, with the
University of California, Berkeley.

APPENDIX

Let ¢ (i = 1, 2, 3) be a system of curvilinear coordinates in Euclidean three-space and let
points in this space be specified by a position vector r* = r*(&¥). The base vectors and metric
tensors are given by

g =0r*/0l, g, =g, 8 &g =0,
§*=g"g" g=detgy, &=1[22:8]>0, (A1)
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68 A. E. GREEN AND P. M. NAGHDI

where 0% is the Kronecker delta. A body is moving in this space and in the configuration at
time ¢ the velocity at the place r* is

vt = v* (L), 1) = ¥, (A 2)

For convenience we adopt the notation §* = {. The equation { = 0 defines a fixed surface and
points on this surface, together with base vectors, metric tensors and unit normals are specified

by
r=r({) =r*¢¢,0), a, =0/ ay=a, a, of=a"a,

a*a; =03 a=deta, da;=a, xa, (A 3)

where Greek indices have values 1, 2 and all quantities in (A 3) are functions of £, £.
The body is assumed to be bounded by the two surfaces

E=6(8, 80, £=6(, &0 (A 4)

which are smooth and non-intersecting. These surfaces are material surfaces and move with the
continuum so that, at these surfaces,

06,/0t = v*2—v**0g, /0" (= &)),
08y/0t = v*? —p** 0L, /08" (£ = &,). (A5)

Let 2 be an arbitrary fixed surface bounded by a closed curve 82 on the fixed surface { = 0
and suppose that 02 is defined by the equations

SG, ) =0, £=0. (A 6)
The stress vector ¢ across a surface whose unit normal is v* is given by
t=Tv*, T=¢Q®g, ¢=Tg, (A7)

where T is the stress tensor. Let p* be the density of the body and f* the body force per unit
mass. The equations of mass conservation and motion are

Op* [0t+gH(p*gtv*?) ; =0, (A 8a)
p*(Qv* /0t +v*¥ dv* L) = p*f*+div T, (A 8b)
T =T, divT=g7:(gt) (A 8¢)
where 0/0t and () ; = O()/0f" are partial derivatives with respect to ¢ and .

Next, we multiply (A 8a) by Ay () Ay({) (M =0,1,2,..., K; N=0,1,2,..., K), where
An (&) ‘are functions of § to be specified and A,({) = 1, and integrate throughout the volume
bounded by the surfaces

f(?)?)=0’ €=§1’ §=§2 (AQ)

The resulting equation, after also using the divergence theorem and the surface conditions,
(A 5) yields

0
"J' PyMNdCH‘f POyN"Y ds—j p(OyN+ONy) do =0, (A 10)
t) 5 o 2

where v = v, a* is the outward unit normal to 02 in the surface { = 0, and de = a;do. Also,
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NONLINEAR WATER WAVES 69

the velocity fields v,, y when referred to the surface base vectors a; = (a,, a;) and the inertia
coeflicients are

P& YrrN =j P*gh Apy( (©) dE, vy =yvm>

143 (€3
pdvyy = a, f PO A0 L f CrEN QA (AL

where a superposed prime on A,,({) denotes differentiation with respect to §.
From (A 8a, b) we have

(0/01) (p*Ay v*) + g Hp*gt Ay v*0*?} ,—p*Ay v*0*® = Ay (p¥f* +divT). (A 12)
If we integrate (A 12) throughout the volume bounded by the surfaces (A 9), and use also the

surface conditions (A 5) and the divergence theorem, as well as the representation

K
= MZ=0/\M(§) wM) wo =9, wM = wM(gl) §2, t), (A 13)

we obtain

0 K K
2P E yMNdeo'_i'J; p 2 vaMN'Vds.—J;p 2 Wy Uy do

P M=0 P M=0 M=0

=f plly—ky) da‘+J my ds (A 14)
2 0P
for N=0,1,2,..., K. In (A 14),

N = MNa Vos m0 =n, Moa = Noc, l() =f (A 15)
and
(&) ()
Myod= f fAy e dl Kyt = f Ay P de, (A 16)
gl Cl
Lo
plyat = J; P*@ANS* A0+ B AN S o+ 1R ANS D))= e, (A17)
where 1
S =H{(£1)2 8"+ (L) g2+ g2 +2(£,£,82— 87—, 651 (A 18)

Finally, we note that in the three-dimensional theory, given the representation (A 13), the
condition of incompressibility is

K .
{ 3 dAu(© wM-g@} 0. (A 19)
M=0

, 1

Also, if points r* in the material body at time ¢ are represented by

K f—
r¥=r+ 2 Ay(g)dy,
N=1
then since
()
f p*v*ig. xv* d{ = 0,
&
it follows that

K K _
2 X (@ vyydy ta; vy dy)xwy, =0. (A 20)
M=0N=0
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